This paper offers novel insights regarding the role of complexity in both the transitional and the long-run dynamics of the economy. We devise an endogenous growth model using the concept of entropy as a state-dependent complexity effect. This allows us to gradually diminish scale effects as the economy develops along the transitional dynamics, which conciliates evidence on the existence of scale effects in history with evidence of no or reduced scale effects in today's economies. We show that empirical evidence supports entropy as a "first principle" operator of the complexity effect.
Introduction
The core of the innovation-based endogenous growth theory is the technology for the production of knowledge. In fact, underlying the discussions in the field are the asymptotic properties of a function of the type A t+1 = f (A t , L A t ), where A is the stock of ideas or knowledge, L A summarizes the physical factors affecting the production of knowledge and t is the time index. In order to obtain endogenous growth, the derivative of f (A t , L A t ) with respect to A t must be constant and larger than unity in the long run (i.e., asymptotically). That is, endogenous growth requires that an increase in the stock of knowledge, even when this stock is already infinitely large, still leads to some new ideas (e.g., Peretto and Smulders, 2002; Dalgaard and Kreiner, 2003) .
On the other hand, in spite of the modern evidence against (strong) scale effects on economic growth, 1 historical evidence indicates that the level of population and connections between civilizations determined economic growth rates (e.g., Sokoloff, 1988; Kremer, 1993) . Until now, the apparent contradiction between the today's evidence and the historical evidence on the existence of scale effects has not been completely incorporated into the economic growth literature, although some attempts have been made. Dinopoulos and Thompson (1998) have briefly mentioned this dichotomy and shown that it can be approached through the analysis of transitional dynamics (see also e.g. Jones, 2002 and Strulik et al., 2013) . Peretto and Smulders (2002) also look at the asymptotic properties of the knowledge function in a model in which the scale effects always vanish asymptotically.
In turn, Alesina et al. (2005) showed that not only is there historical evidence of significant scale effects, but also there may be some scale effects nowadays if both size and openness are taken as joint determinants of economic growth. Our paper addresses the interplay between endogenous growth and scale effects by considering an 'operator' that introduces concavity with respect to knowledge in the knowledge production function, but which is compatible with the asymptotic properties that allow for endogenous growth in the long run. The 'operator' allows for both transitional dynamics in the stock of knowledge (independently of the consideration of decreasing marginal returns to physical capital and of time-varying growth rates of physical inputs to knowledge production) and the dilution of strong scale effects in the long run. Thereby, we conciliate the existence of scale effects long ago in history with evidence of no or reduced scale effects in today's economies. Transitional dynamics may be non-monotonic (inverted-U shaped), also by the sole action of the 'operator', which contrasts with the previous literature and addresses the non-linear behavior also observed in the data on growth rates. However, the 'operator' is also flexible enough to account for some -negative or positive -scale effects even in the long run, which may be crucial to generate contrasting scenarios for the longrun dynamics. We do not endow this 'operator' with arbitrary properties, but instead we borrow them from 'first principles' through the concept of entropy as a measure of disorder, redundancy or diversity (as developed in Thermodynamics, Information Theory, and Biology, respectively). We take advantage of the proximity between the entropy concept and the difficulty or complexity associated with the quantity of knowledge in Economics to build our 'operator' as a complexity index, which is time-varying solely by means of this state (knowledge) dependence. Thus, this index works, we think, as a 'summary statistics' of the relevant economics pertaining to this issue with a minimum loss of information. Moreover, our model inherits the piecewise dynamical structure that arises in the innovationdriven endogenous growth models. This structure reflects that, if the expected profit of R&D is not sufficiently large in order to exceed the respective cost, then there is a corner solution at which no R&D occurs. Our paper takes this feature explicitly into account in line with, e.g., Strulik et al. (2013) and Peretto (2015) , to study the switch from stagnation to innovation-driven growth and, also a possibility in our model, from growth to stagnation again -as a result of the interaction, over time, between (positive or negative) scale effects commanded by the complexity index and knowledge accumulation and population growth.
We show that the transitional dynamics in the model can match well the historical evolution of TFP and per capita GDP in the developed world after the Industrial Revolution. With different parameterizations of the complexity index based on entropy, the model is able to replicate an almost ever increasing growth rate from the eve of the Industrial Revolution, with decelerations of growth during the World War II and accelerations during the "roaring twenties" or during the recovery from the war period during the 1960s. The model is also capable of predicting the productivity slowdown after the 1960s.
Given the flexibility introduced by the complexity index as regards the remaining scale effects in the long run (null or small positive or negative), we are able to predict distinct future scenarios: there will be positive economic growth in the long run -although (possibly) lower than over the XX th century -despite (eventual) population stagnation; or economic stagnation will occur due to population growth (although the latter will eventually stagnate in the long run). Policy implications arise from the model. In particular R&D subsidies can trigger an exogenous impulse to drive the economy out of the stagnation regime. Additionally, the introduction of R&D subsidies can also be responsible for a delay in stagnation, both if it occurs due to population growth or if it would occur due to an ever rising complexity effect.
Our paper is particularly close to Peretto and Smulders (2002) and Dalgaard and Kreiner (2003) . The latter take a general point on the relevance of the asymptotic properties of the knowledge production function that allow for endogenous growth in the long run. They show analytically that the knowledge production function may exhibit decreasing or increasing returns over time, but the crucial condition for endogenous growth is that the marginal product of knowledge in that production function converges towards a positive constant in the long run. However, they analyze a CES specification for the knowledge production function as an ad hoc example and do not develop a full growth model. Peretto and Smulders (2002) study an endogenous growth model of vertical and horizontal R&D that exhibits scale effects (which may be positive or negative) over time but that vanish asymptotically. They model the incremental process of increasing complexity in an expanding economy as follows: vertical R&D expands the public knowledge stock and gives rise to spillovers, while horizontal R&D leads to higher specialization in R&D activities and an increased technological distance between firms, thereby diluting spillovers and causing the scale effects to vanish asymptotically. Analytically, Peretto and Smulders consider two state variables, the average knowledge stock and the number of firms, and derive their results by considering a linear relationship between spillovers and the average knowledge stock and a non-linear, but bounded relationship between spillovers and the number of firms. The asymptotic result arises from the former relationship. In turn, our paper features a similar asymptotic behavior, but which is commanded by the dynamics of one state variable, the stock of knowledge or, more specifically, the number of varieties of technological goods in the economy. This variable appears as the single argument of the 'operator' used as a complexity index and that drives our results over time. We take advantage of our more parsimonious analytical structure to take the knowledge production function to the data and perform quantitative analysis through calibration. At the same time, as explained earlier, the properties of the complexity index allow for non-monotonic transitional dynamics and also imply that different scenarios may emerge as regards the amount of (small) scale effects remaining in the log run -and, hence, the sustainable dynamics of the economy (growth versus stagnation).
Along a different line, Strulik et al. (2013) lay out a model that integrates knowledge accumulation through learning-by-doing and R&D activities into a framework with endogenous fertility and human capital accumulation through schooling. Learning-by-doing depends positively on the scale of the economy measured by population size but features decreasing returns, so that, asymptotically, it plays no role in the growth of the stock of knowledge. R&D operates under the assumption of decreasing returns to the existing stock of knowledge, so that R&D becomes more difficult over time. Together, these two features imply that scale effects on growth vanish as the economy approaches steady-state growth. At the same time, this setup implies that the steady-state growth rate is solely driven by the rate of human capital accumulation (in turn driven by the productivity of schooling), whereas the population growth rate (driven by endogenous fertility) only has transitional dynamics effects. In a calibration exercise that analyses the transition towards steady-state growth, it is shown that the model predicts an inverted-U behavior for TFP growth, with an acceleration over the 20 th century being followed by a slowdown from the year 2000 onwards.
The fertility rate and population growth are crucial for this behavior, as they are still high when R&D activities are gathering speed (at the beginning of the 20th century) and scale effects are still present, but they then start a steep fall as human capital accumulation takes up. Overall, this movement induces a gradual reduction of the TFP growth rate towards its steady-state value.
2 Our paper explores a complementary mechanism to that in Strulik et al. (2013) . Our model generates a non-monotonic transition of the TFP growth rate commanded by the complexity index dynamics irrespective of an (eventual) deceleration of the population or fall in fertility.
3 At the same time, as already noted, our model allows for the discussion of contrasting future scenarios for the growth of modern economies because scale effects do not necessarily strictly vanish asymptotically and there is the chance some small (negative or positive) scale effects persist even in the long run. This paper is organized as follows. Section 2 presents the theoretical foundation of the entropy function to model a time-varying state-dependent complexity effect. Section 3 presents the knowledge production function and empirical evidence that allows us to infer the complexity effect from the time-series data and calibrate the complexity index. Section 4 presents the model, its steady-state and transitional dynamics. Section 5 presents the quantitative study of the model through calibration and compares the results with historical data. In this Section, we also extend the quantitative exercises to the future, highlighting possible scenarios for the long-run growth. Finally, Section 6 draws conclusions.
Theoretical Insight
Although the concept of entropy originated in Thermodynamics -commonly understood as a measure of molecular disorder within a macroscopic system -and its statistical definition was developed in Statistical Mechanics, it has been adapted and extended by other fields of study, including Information Theory, Biology, and Economics. 4 As such, several indices have been created to measure entropy, although with different interpretations: examples are the Boltzmann-Gibbs entropy index and the Tsallis entropy index (a generalization of Boltzmann-Gibbs) as a measure of uncertainty in Statistical Mechanics (e.g., Tsallis, 1988) ; the Shannon index, as a measure of redundancy in Information Theory (Shannon, 1948) ; the Patil and Taillie index (equivalent to the Tsallis index), as a measure of diversity in Biology (Patil and Taillie, 1982) ; and the Atkinson index (a transformation of a generalized entropy index), as a measure of income inequality in Economics (Atkinson, 1970) . As time goes on, a simple system may get more and more complicated. As this happens, there is an increasing difficulty to deal with all the pieces of the system, to measure it and to account for its changes. Entropy accounts for and measures this rise in complexity as time passes by.
In particular, we emphasize the analogy of the entropy concept in Information Theory and Biology with the difficulty or complexity associated with the quantity of knowledge that is accumulated in an economy. In the context of an endogenous growth model of horizontal R&D, complexity rises as the economy develops and increases the number of varieties of capital (or technological) goods. Indeed, complexity may be understood as a process. Economies at earlier stages of development are characterized by relatively simple production methods and a limited availability of specialized inputs, in a context in which the diversity of human activities and of produced goods and services is low (Ciccone and Matsuyama, 1996) . Complexity rises as the economy develops and increases the diversity (and redundancy) of its activities. In developed economies production industries make extensive use of highly specialized inputs and have access to a wide variety of producer services, such as equipment repair and maintenance, transportation and communication services, engineering and legal supports, accounting, advertising, and financial services (see Ciccone and Matsuyama, 1996 , and the extensive references therein).
A widely used family of entropy indices based on the contributions by Tsallis and by Patil and Taillie is usually written in the form
where p i is the probability that a system is in the i th state, W is the number of states, and q is a non-negative parameter. S q represents a parametric family of indices of degree q − 1, with some limiting values representing well-known indices that measure biological diversity or informational redundancy. For instance, with q = 1, one recovers the Shannon entropy index as a special case of the Tsallis index and of the Patil and Taillie indices. In general, each specific application of the index S q requires the determination of a particular value of q.
5
If the distribution is uniform, such that, e.g., all the messages in the message space or 4 In statistical thermodynamics, entropy is a measure of the number of microscopic configurations that correspond to a thermodynamic system in a state specified by certain macroscopic variables. This is often interpreted as the degree of disorder or lack of predictability of a system. For example, a gas in a container with known volume, pressure, and temperature could have an enormous number of possible configurations of the individual gas molecules, and which configuration the gas is actually in may be regarded as random. Entropy is maximum when the individual gas molecules are equally spread throughout the container.
5 To see more precisely the role played by q in this framework, consider two probabilistically independent subsystems X and Z with, respectively, the number of states W X and W Z . Equation (1) 
The case of q = 1 (q = 1) amounts to "additive" ("non-additive") entropy (Caruso and Tsallis, 2008) . The above also implies that the system is "extensive"when q = 1, with the property that entropy approaches proportionality with the number of elements of the system when the number is large. The system is called "nonextensive" otherwise, where q < 1 (q > 1) corresponds to "superextensivity"("subextensivity") (Tsekouras and Tsallis, 2005) . 
The entropy indices may also be computed up to a constant of proportionality (which sometimes is known as the Boltzmann constant). Given the referred to analogy between the concepts of entropy and of complexity, we use the Tsallis-Patil-Taillie entropy index as a difficulty or complexity index associated with A, which stands for the stock of knowledge or, more specifically, the number of varieties of technological goods that are accumulated in an economy. Then, considering p = 1/A and the referred to constant of proportionality, we obtain
with b positive constant. Thus, b can be regarded as a scale-shifter parameter (it shifts units of A into units of the entropy index), whereas q is an elasticity parameter that maps relative changes in A into relative changes in the entropy index. We will consider the complexity index, χ(A t ), as
By using the measure of entropy given by the Tsallis-Patil-Taillie index, equation (4) shows that the complexity index χ(A t ) arises as a positive and concave function of the technological level A t . Figure 1 shows a graphical representation of equation (4). The following lemma shows that there is a specific set of values of parameter q in equation (4) for which χ(A t ) converges to a constant. 6 As shown in the Lemma below, this result corresponds to q > 1. In light of footnote 5, this then means that convergence of χ(A t) arises when the system is subextensive and is characterized by S X∪Z q < S X q + S Z q .
Lemma 1. With q > 1, then χ(A t ) converges to b q−1 ; thus for b = q − 1, χ(A t ) converges to 1 as A goes to infinity. With q ≤ 1 then χ(A t ) goes to +∞.
Proof. Calculate lim A→+∞ χ(A t ) for q > 1 and q ≤ 1 in equation (3), respectively.
Thus, formally, we consider that complexity, though time-varying, is not a direct function of time, but is state dependent, where the state of the economy is given by the number of varieties of technological goods.
In the next Section we will show that this theoretical foundation for the complexity effect can reasonably match the empirical series, given the available data.
Knowledge Production Function, Empirical Inference and Calibration
In this section, we adapt our complexity index, based on the concept of entropy as a measure of redundancy or diversity, to a knowledge production function featuring complexity effects in R&D, as put forward by the endogenous non-scale growth literature (e.g., Dinopoulos and Segerstrom, 1999; Barro and Sala-i-Martin, 2004) . This literature captures the idea that the difficulty of introducing new products and replacing old ones is proportional to the market size, measured by the absolute level of output attributable to the product targeted by R&D and often linked with population size. The larger the market size, the larger the costs necessary to discover, develop and market the associated technology -e.g., costs pertaining to the construction of prototypes and samples, new assembly lines and training of workers, and generic coordination, organizational, marketing, and transportation costs. These complexity costs offset the positive effect of scale on the (expected) profits of the successful innovator. This way, scale variables like the level of the population tend not influence the steady-state growth rate because the probability of research success is also independent of those variables.
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In particular, our knowledge production function extends the ones in, e.g., Thompson (1999, 2000) , Ha and Howitt (2007) and Ang and Madsen (2015) , by considering an operator, the complexity index χ, that introduces concavity with respect to knowledge, A, but which is compatible with the asymptotic properties that allow for endogenous growth in the long run, as explained below:
where L A t is the aggregate amount of labor allocated to R&D activities, L t is a scale variable (measure of market dimension) proportional to the size of total labor force in the economy, 7 Complexity costs are considered alternatively in the final good production such as in Bucci (2015) and Bucci et al. (2017) . Some other articles consider production-complexity related benefits (i.e., as a growth enhancing feature) in the economy (e.g., Hidalgo and Hausman, 2009, and Afonso and Magalhães, 2017) . These approaches should be clearly distinguished from that followed by the literature cited in the text.
8 Later, in Section 5.1.2, we extend our analysis to a more general knowledge production function that allows for international knowledge spillovers and also flexible domestic spillovers. The latter allow one to account also for difficulty effects in innovation (capturing the notion that ideas that are easier to discover tend to be discovered first), impinging directly as a concavity of the knowledge production function in A in line with e.g., Jones (1995) and Segerstrom (1998) (see also footnote 30 below). χ(A) is the time-varying state-dependent complexity index, which controls for the relationship between the scale of the economy and the (net) complexity costs on R&D, and δ is the productivity in R&D. By looking at the first row of (5), one can decompose the component of the knowledge production function that is external to R&D firms as follows: A t denotes the knowledge spillovers, 1/L t captures the market-scale complexity costs (as considered by the literature cited above), and L 1−χ(A) t captures the human spillovers. The latter arise because the productivity of the labor input in R&D firms benefits from the interaction with the overall human factor in the economy (as in, e.g., Lucas, 1988) ; but these benefits are curtailed as the complexity of the economy (controlled by χ(A)) also increases, as this implies an increasing diversity of human activities and thus of the 'technological distance' between them (e.g., Peretto and Smulders, 2002) .
9 This specification allows us to nest existing specifications in the literature as special cases: if χ = 0, we recover the knowledge production function in Romer (1990) -no net complexity effects, full scale effects on growth; if χ = 1, we get the function in, e.g., Thompson (1999, 2000) -full net complexity effects, no scale effects on growth. Lemma 2 summarizes the results regarding the asymptotic properties of the knowledge function with respect to A, and according to which the operator based on entropy implies either endogenous growth or stagnation. With q 1, technological growth vanishes asymptotically. All in all, the degree of scale effects decrease with technological progress.
Proof. Notice first that, under labor market equilibrium, L A t and L t grow at the same rate in the long run. Use Lemma 1 and equation (5) We now wish, as a first step, to infer the complexity effect from the historical data and, as a second step, to calibrate the entropy function (the complexity index) to approximate the complexity effect computed in the first step.
Thus, in the first step, by applying logs to equation (5) and solving for χ, we have the recursive equation:
To obtain estimates for χ over time, we consider the calibrated values of δ and the U. 
, using output per worker for y t and physical capital per worker for k t (from the Penn World Tables 8.1), with parameters α = 0.36 (share of physical capital in GDP) and σ (returns to knowledge, i.e., the measure of the social benefit from innovations) is 0.2 in line with the results presented by Coe et al. (2009: Table 4 ) for the G7 group of countries.
10 Finally note that in the model workers are allocated either to the final-good production or to the R&D labs, so we infer the ratio of workers in the production sector to total labor force l Y t using the data for L A and L already mentioned above. The parameter δ is adjusted such that we obtain a steady-state growth rate in the model of 1.87%. 11 In order to present results for larger time span than the directly available data allowed us to, we extrapolated backwards the series until 1870. In order to extrapolate the series for output per capita, physical capital per capita and employment we used the annual averaged growth rates from the decennial growth rates (2000), and this is a result one would expect, given that we are using data for a developed country. This also means that data suggests that the economy is behaving as an endogenous growth one with no (or small positive or negative) scale effects -recall Lemma 2.
As a second step, we compare those series with the theoretical ones that come from the insertion of the resulting series for A t in the complexity function (4). Using the obtained series for χ and A t , we estimate b and q in equation (4) by GMM (Generalized Methods of Moments) such that we obtain the best possible fit between the theoretical and the empirical series (see also Table 1 ). Thus in the same Figure 2 , we plot in red the theoretical adjustment to the empirical function inserting the estimated coefficients in equation (4) . We can observe that we obtain a very reasonable adjustment between the empirical series (for different time series available) and our theoretical formulation of the complexity effect. Estimated parameters (Table 1) indicate that several cases may be accomplished, in particular b q − 1. Moreover absolute values of the estimations of b and q seem to point to the case of endogenous growth with no (or small positive or negative) scale effects (q > 1, b close to q − 1; see again Lemma 2) and seem to reject the case of technological growth vanishing asymptotically (q ≤ 1). All the results are confirmed at 1% significance level. 13, 14 In Figure 2 we use the estimated values from Table 1 . Notes: Calibrated values: α = 0.36; σ = 0.2; gy = 1.87%. GMM non-linear estimation. Instruments: R&D expenditures (as a share of output) and time. All coefficients are significant at the 1% level (see also footnote 7). Standard-errors (S.E.) were computed using estimation of weighting matrix HAC (Bartlett kernel, Newey-West fixed bandwidth). Also, the fact that our empirical results point to q > 1, and thus that the complexity index eventually stabilizes despite an ever-increasing number of varieties of technological goods (recall Lemma 1 and the notion of subextensive system given in footnotes 5 and 6), suggests an interesting discussion on what may underlie the behaviour of the index as a 'summary statistics' of the (macro) state of the economy. The stabilization of the complexity index may be interpreted as a reflexion of the fact that, in practice, new ideas (and new 13 R&D expenditures (as a share of output) and time are used as instruments as they are correlated with At, but do not directly influence the complexity effect (see equations 4 and 6).
14 Since both the χ and A series are nonstationary, we tested for (nonlinear) cointegration. The residualbased tests of the nonlinear cointegration (with the null hypothesis specified as cointegration; e.g., Lin and Granger, 2004) suggest the existence of a nonlinear cointegration relationship in all analyzed cases. However, given the well-known challenges regarding the detection of nonlinear cointegration (e.g., Choi and Saikkonen, 2010) and the properties of the estimators of nonlinear regressions with nonstationary data (e.g., Park and Phillips, 2001 ) and also given the relatively small number of observations in our samples, the estimated confidence intervals should be interpreted with caution.
varieties of technological goods) have a heterogeneous impact on complexity, with some increasing it and others decreasing it. One may notice that, historically, some inventions have reduced or attenuated the effect of complexity either directly or indirectly. Computers have allowed calculation of things and analysis of data and models in ways impossible before, while, as an indirect effect, one could argue that the development of machinery that replaces humans (e.g., earth-moving equipment) have allowed more humans to spend their time managing complexity and its effects.
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4 Full Model
Households
We consider a standard model of overlapping generations (OLG). The young generation members supply one unit of labor from which they earn wages w t and smooth their consumption, dividing their income between the consumption in the current period c 1 t and in the second period c 1 t+1 . Old generation members do not work and make a living from their savings. Young individuals born in period 1 maximize utility u t = log(c
where β is the discount factor, subject to the following constraints: c 1 t = w t − s t , where s t are savings, and c 1 t+1 = r t+1 s t , where r t+1 is the expected gross interest rate. This standard OLG setup provides a well-known solution for per capita savings:
Population has dimension L t and grows at an exogenous rate n. An exogenous population growth rate may be appropriate to include forces that enlarge the market while proving convenient in deriving analytical results and in focusing the paper on the evolution of the technology side of economic activity (for a similar approach concerning population dynamics, see Peretto, 2015) .
Firms
A continuum of competitive firms produces a homogeneous final good using a Cobb-Douglas technology and employing physical capital, K t , and labor, L Y t in each period t:
where 0 < α < 1 is the share of physical capital in national income, 1 − α the share of labor in the national income (as usual in the Cobb-Douglas settings) and σ is a parameter that governs the returns to specialization. This allows us to proceed as Benassy (1996 Benassy ( , 1998 , Groot and Nahuis (1998) and Alvarez-Pelaez and Groth (2005) and disentangle the effect of returns to knowledge from the share of physical capital in the final good production. The physical capital K t is a CES aggregate of specialized capital goods, x jt , which are the technological goods in the model:
For simplicity and without any loss of generality we assume that capital depreciates fully within one generation. Profit maximization yields the following first-order conditions:
where p t is the price of aggregated capital good. Using equations (11) and (9), we obtain the demand for individual varieties:
where p jt is the price of each variety j at time t.
In the specialized capital goods sector (in which there is monopoly power) each firm maximizes profits π jt = (p jt − r t ) x jt , where r t is the real interest rate at time t, from which we obtain the usual profit maximizing price, after substituting x jt from equation (11), as p jt = p t = r t /α. Using the profits equation from the specialized capital goods sector, the profits maximizing price and equation (10) for the price, we obtain the following expression for profits, π jt = π t = (1−α)αY t /A t . Since all varieties are produced in the same quantities,
The number of varieties A t is increased according to equation (5). The free-entry condition into the R&D sector, which only employs labor, is w t L A t = π t ΔA t+1 , 16 which equates the costs and the profits of inventing ΔA t+1 new units. Using equation (5), this yields
We equate both equations for profits. Then we use equation (10) and the labor market clearing condition
t to obtain the shares of labor employed in the R&D sector and in the final-goods sector:
Equilibrium dynamics: transitional dynamics and steady state
Using equations (7), (8), (10), the capital market clearing condition, K t+1 = L t .s t , and the per capita versions of the variables as small caps of the same letters, such that
is consumption per capita, the model can be summarized by the following equations:
16 In line with, e.g., Strulik et al. (2013) , we make the simplifying assumption that a patent holds for one period (i.e. one generation) and that afterwards the monopoly right to produce a good is sold at price π t+1 to someone chosen at random from the next generation. Through this simplification we get rid of intertemporal (dynastic) problems of patent holding and patent pricing while keeping the basic incentive to create new knowledge intact.
17 Subsidies to R&D would enter equation (13) increasing the allocation of labor to R&D as expected. However, due to the dynamics of the model, they can interact with the effects of population growth and the complexity effect.
Inserting (14) into (16), then substituting w t from expression (17) and finally using (13) and (18), we obtain the difference equation for physical capital per capita as follows:
where a ≡ β(αδ) α (1 − α)/(1 + β). When χ(A) < 1 scale effects are present, but decreasing as χ(A) increases. Using equations (5) and (13), we derive another difference equation that, together with equation (20), describes recursively the dynamics of this model:
where
Notice that when the complexity index reaches unity, χ(A) = 1, then equations (20) and (21) become free of scale effects. When χ(A) < 1, scale effects are present, but decreasing as χ(A) increases. In case χ(A) > 1, negative scale effects arise.
In particular, A t follows a piecewise dynamics triggered by the (exogenous) dynamics of population, L t , as depicted by Figure 3 and described in Lemma 3. (21) ≤ 1/(αδ); as long as χ(A t ) < 1, a (exogenously) growing population, L t , will eventually move the economy from the "stagnation" to the "growth" regime. Let L 1−χ(At) t > 1/(αδ); if χ(A t ) > 1, a growing L t will eventually move the economy from the "growth" to the "stagnation" regime; a shift from "growth" to "stagnation" will also occur if population is constant, but χ(A) grows to +∞ as A t (endogenously) increases.
Proof. A. In the first branch of f (A t , L t ), one gets A t+1 = A t (fixed point) with f A = 1 (non-hyperbolic) ∀ t≥0 in this sub-domain of f ; in the second branch of f (A t , L t ), one gets 18 This is the piecewise structure that arises in the innovation-driven endogenous growth models, such as those by Romer (1990) and Dinopoulos and Thompson (2000) . This structure reflects that the R&D cost will not be put up if the ensuing expected profit flow is not sufficiently large. In that case, there is a corner solution where investment in R&D is zero. Our paper takes this property explicitly into account to study the switch to (and from) an innovation-driven growth regime.
For a given χ(A t ) < 1 and a sufficiently low population level, the economy may be trapped in a pre-industrial equilibrium: the low expected profits of R&D due to the small market scale do not cover the respective fixed costs, thus, implying no R&D and consequently no endogenous growth. The economy exhibits a constant stock of knowledge and only the standard neoclassical transitional dynamics exists through the behavior of k (see equation (20)), where the latter converges to a steady-state level. In turn, when the population is sufficiently large, the economy is in an innovation-based endogenous growth regime, as expected profits of R&D are large enough to match its costs. However, over time, this may occur with negative, null or positive scale effects depending on the properties of the complexity index χ(A) (see Lemmas 1 and 2), and thus the economy may converge to a steady-state zero growth (stagnation), or to a steady-state positive growth or follow an explosive growth path -the steady-state positive growth result is further detailed in Lemma 4, below.
The phase diagram in Figure 3a shows the different possibilities for the dynamics and the steady state in this model, with an emphasis on the behavior of the stock of knowledge, which depends on the existing scale effects at each period of time, which in turn depend on the combination of A t and L t . Figure 3b depicts the rotation of curve f (A t , L t ) to the left as population, L t , exogenously grows under χ(A t ) < 1; thus, eventually, an economy initially at the "stagnation" regime will switch to the "growth" regime. The effect of exogenous population growth in this model can be somewhat compared to that in the models of Galor and co-authors (e.g., Galor and Weil, 2000; Galor and Moav, 2002) , in which population growth shocks may induce a takeoff from a Malthusian trap through learning-by-doing. Here, population growth acts as a trigger for R&D through the effect in R&D returns due to scale, as long as χ(A t ) < 1, thus shifts the economy to the endogenous growth regime. This means that the economy may pass through a transition with significant positive scale effects, but which however gradually vanish over time since the complexity index χ(A t ) increases with A t (see Lemma 1). In case χ(A t ) > 1 occurs, i.e., negative scale effects arise, then population growth (or ever growing χ(A t )) will henceforth gradually reduce expected profits of R&D. This will eventually bring R&D to a halt and, thereby, move the economy to stagnation. This would amount to a rotation of curve f (A t , L t ) in Figure 3b to the right (not shown) towards the A t+1 = A t locus. In order to analyze these effects quantitatively, Section 5, below, will consider historical data on population growth rates to calibrate the model.
Besides the dynamics of population, a move from the "stagnation" to the "growth" regime may be accomplished through a positive exogenous shock on the available initial stock of knowledge (e.g.,, sudden openness of the economy to foreign direct investment or imports of technology) or through subsidies to R&D, which lower the threshold in equation (21) .
19 This type of regime shift (due to exogenous effects) may well represent episodes of late industrialization. Lemma 4 characterizes the conditions for a feasible steady state with endogenous growth and increasing population.
(a) This figure depicts the piecewise dynamics in the stock of knowledge, At, for a given Lt; in the first branch of f (A t , L t ), with f A = 1, there is a continuum of fixed points implying stagnation in A ("stagnation" regime); in the second branch, with f A > 1, there are no fixed points and A grows endogenously ("growth" regime).
(b) This figure depicts the rotation of curve f (At, Lt) to the left as population, Lt, exogenously grows under χ(A t ) < 1 (curve f (A t , L t ) in panel (a) appears as a dashed kinked curve in panel (b)); thus, eventually, an economy initially at the "stagnation" regime will switch to the "growth" regime. This model evolves to a steady state characterized by endogenous economic growth, depending only on the primitive parameters of the model, if χ(A t ) converges to a constant equal to unity (i.e., scale effects vanish) under increasing population. The phase diagram, in Figure 4 , shows the asymptotic steady state for a constant χ(A t ). In that case, it should be noted that only neoclassical transitional dynamics exists, through the behavior of g k . This highlights the importance of the state-varying time-dependent complexity effect to provide technological transitional dynamics.
From equations (20) and (21) and recalling Lemmas 1 and 2, we see that the result in Lemma 4 occurs for a combination of the parameters of the entropy function in equation (4) such that q > 1 and b = q − 1, i.e., the complexity index χ(A t ) converges to a constant equal to unity, implying null scale effects. Also for q > 1 , the complexity index χ(A t ) converges to a constant smaller than unity if b < q − 1, or larger than unity if b > q − 1, implying, respectively, some positive or negative scale effects. In these cases, steady-state positive growth arises only if population is constant. With increasing population, the growth rate will follow an explosive path in the former case and converge to steady-state zero growth in the latter. Finally, for q ≤ 1, growth vanishes to zero as the stock of knowledge increases over time and the complexity index, χ(A t ) goes to ∞, even under constant population.
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This means that the model is flexible enough to replicate different outcomes, depending on the quantitative calibration of the knowledge production function.
In the next Section, we calibrate the model and evaluate quantitatively the plausible behavior of the economy governed by this model. We also use that calibrated model to evaluate how the economy behaves toward the future under different scenarios for the calibration of the complexity 'operator'.
Calibration and the evolution of this economy
The value for the share of physical capital is often regarded as constant, around 0.36, as a stylized fact, since Kaldor (1961) . Thus we use α = 0.36. Elsby et al. (2013) present values for the labor share that support this choice. We use β = 0.216, which replicates a gross domestic savings rate (as a percentage of GDP) in the United States of 21% (average between 1974 and 2013). We take the value for returns to knowledge σ = 0.2 from Coe et al. (2009: Table 4 ) for the group of G7 countries with the larger updated sample considered in that article. This value is consistent with the average empirical values for the output elasticity to R&D yielded by country studies reported in Hall et al. (2009: Table 5) , which oscillate between of 0.18 (considering only domestic R&D) and 0.235 (considering both domestic and international R&D), using estimates for the group of OECD and G-7 countries. We set the value of δ (productivity in the R&D sector) such that the model replicates an annual average growth of GDP per worker in the United States of 1.87% (average between 1950 and 2000) in the steady state of the endogenous-growth case without scale effects (please see Lemma 4). The values that shape the entropy function for the complexity effect -equation (3) -come from the empirical exercise shown in Section 3 and are depicted in Table 2 , below. As can be observed in Table 1 , there are several of those estimations that yield very similar results. Thus, we selected a set of estimated values that exemplifies the possible different patterns of the economy, including the cases where b > q − 1, b < q − 1 and b = q − 1. The summary of the considered estimated values for these crucial parameters is presented in Table 2 . To sum up: (i) the utility discount factor, β, and the productivity in R&D, δ, are chosen to replicate respectively a savings rate of 21% and an economic growth rate of 1.87% in the steady state, which are values from the United States statistics; (ii) the share of physical capital in income, α, and returns to knowledge, σ, are calibrated using values consistent with empirical literature; (iii) q and b come from the econometric estimations of the complexity effect presented in Section 3. 21 We include a series for the growth rate of population n t from Maddison (2008) , taking the average growth rate for each generation of 20 years, considering the population values for 12 countries in western Europe (Austria, Belgium, Denmark, Finland, France, Germany, Italy, Netherlands, Norway, Sweden, Switzerland and the United Kingdom), the United States, and Australia.
In the numerical exercise we show results for the path of the economy in the postindustrial revolution, beginning in 1860. 22 In this case we want to replicate the main facts of the evolution of the economy in this period and will also compare the evolution of the "model" series with "data" series. Note that as we do not make any assumption on the values that govern the complexity index χ(A) our objective is also to replicate the empirical value for χ(A), in 2000, which is clearly around one. 
From the Industrial Revolution to the present days
In this subsection we will present the results of our simulations in our benchmark model.
We compare the series for TFP growth, GDP per capita growth and GDP per capita levels, and the complexity (entropy) effect that emerges from the model with the series found in data. Figure 5 shows our main results. The model replicates an acceleration of TFP growth which tends to stabilize over the second half of the XX th century. Especially when comparing TFP model series with data series, it is worth noting that the model has not the sufficient ingredients to replicate the empirical effect of the Great Depression between the 1920 and 1940 generations. 24 Despite that, the model approximate quite well the evolution of the growth rate of per capita output, showing clearly the acceleration due to the industrial revolution. Also as the income growth rate accelerates until the generation of the 1920s, it approaches the replication of the "roaring twenties", which is also seen in the data (see Figure 5c ). Furthermore, the growth rate also decelerates in the 1940s, corresponding to 21 In the Appendix B, we test the robustness of the results to the consideration of an alternative higher value of σ. This alternative value also allows for the estimation of parameters q and b that adjust well the theoretical value of the complexity effect to the empirical series for χ -see Figure 14 .
22 As Mokyr (2005) argued, during the early stages of the Industrial Revolution propositional knowledge originated new techniques mostly based on pragmatic, informal, intuitive, and empirical skills. According to the author the R&D activity resting on industry-based science emerged not before the mid-XIX th century.
23 In the case of the level of GDP per capita we normalize the data and model values to 100 in 1860. Growth rates are gross growth rates for one generation, 20 years. 24 A stylized model of endogenous growth as this one intends to replicate the long-run stylized facts (also those affecting the transitional dynamics) and not cyclical phenomena. In fact, most countries have returned to their long-run trend of long-run growth after the Great Depression. the historical period of the II World War. Note that after the 1960s, although accelerating as in the data, the growth rate underperforms when compared to data, but it also does not present the deceleration that the "Maddison Project" data show for the generations after the 1980s. In fact, this simulation does not completely account for the acceleration of the growth rates following the World War II. Regarding the level of per capita GDP, the model almost mimics the evolution of the data for the average of countries and is slightly below the data for the United States. Figure 5d shows that the evolution of the complexity effects closely follows the data we obtained for this effect, and is particularly close to the data for the complexity effect obtained from the TFP data. It is interesting to note that a lower complexity effect has two reinforcing effects: while it increases TFP growth, it also increases capital growth due to a stronger scale effect, as the lower the complexity effect the higher the scale effect on growth. An alternative value of the returns to knowledge, higher than the empirical values found in the literature (but used e.g. in Jones and Williams, 2000) is used in simulations presented in Appendix B. Those simulations indicate that the theoretical economy adjusts worse to the empirical series. This is consistent with the fact that the 0.2 value for σ used in the baseline exercises is within the available estimated intervals for returns to knowledge.
It is worth noting that with some variations in the parameters of the complexity function we can replicate the productivity (TFP) slowdown after the 1940's (intensified after the 1960s) and the main pattern related to the evolution of the other variables. In Figure 6 we show the evolution of the main variables in the economy for alternative estimates of q = 1.17 and b = 0.23. Note that according to Lemma 1 the complexity effect converges to a value higher than one in this case, guaranteeing endogenous growth in the steady state with (small) negative scale effects. In this figure the pattern of the evolution of TFP growth is much closer to the data series reflecting a very pronounced TFP slowdown after the 1960s.
The evolution of GDP per capita growth rates also replicates better the data growth rates of the second half of the XX th century becoming very close to the US data values, while maintaining a good fit to the previous growth rate evolution from the end of the XIX th century. In fact, in this case the underperformance of output growth rates in the 1960s is quite reduced when compared with the previous simulation. GDP per capita levels are again close to the United States data. In this case, the model series almost overlaps the data series. The complexity effect χ(A) is slightly above the value of one in 2000, also close to the data.
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(a) TFP growth; gTFP data is averaged from the United States (own data) and from the United Kingdom -Clark (2009) In Figure 7 , we present an example in which the limit of the complexity index is one (recall Figure 1) , with q = 1.36 and b = 0.36, a possibility that was also yielded by the estimations of the complexity function shown in Section 3. This simulation not only depicts an episode similar to the productivity slowdown after the 1940s, intensified after the 1960s, as the data also shows, but it also replicates the acceleration of growth rates until the 1940s, a very slight slowdown after the 1940s, corresponding to the period of the II World War, which is followed by a recovery afterwards (see Figure 7c) , being close to the data growth rates data. The model series for GDP per capita (blue series in Figure 7b ) in this case is (again) almost overlapping the series from the average of countries from the Maddison Project. Figure 7d shows that the simulated complexity effect is again very close to the empirical estimated values.
In Figure 8 , we present an example in which the limit of the complexity index is infinity (recall Figure 1) , with q = 0.99 and b = 0.14. It should be noted that our empirical estimations do not support the case for q < 1. However, due to the relatively small number of observations and the cautiousness with which the confidence intervals should be regarded (already mentioned in Section 3) and also the fact that, in some estimations the value for q is already close to one, we think it would be interesting to present such an exercise. In particular we consider a value of q sufficiently close to 1 (0.99) and then adjust b such that the series for TFP growth exactly replicates the data value in 2000. In consequence, we obtain b = 0.14. Interestingly, this parameterization yields a trajectory of the economy which replicates very well the data on output per capita growth rates and levels as well as TFP growth rates. The replication of output growth rates is particularly impressive after the 1960s, with a slight acceleration followed by a slowdown after the 1980s. Nevertheless, it also implies that the complexity effect slightly surpasses the empirical value in the years 2000.
In the next Section we will present counterfactual exercises to evaluate the importance of considering a varying state-dependent complexity effect to approximate the transitional dynamics of the model with the data series.
Counterfactual exercises with no varying complexity effect
Now, we wish to show the relevance of considering a time-varying state-dependent complexity effect in the R&D technology that we have introduced, which implies that the scale effects gradually vanish. Firstly we assume that the complexity effect χ(A) is always one, which implies that there are no scale effects throughout history. Secondly, we consider that χ(A) = 0 always, which implies maximum scale effects throughout history. Both exercises show us the plausibility of considering a time-varying and increasing complexity effect in R&D. In the first case (Figure 9a) , the main implausible prediction of the model is that the growth of TFP would always be constant from 1860 to 2000 -i.e., there would be no transitional dynamics in the stock of knowledge. As we have mentioned before, the complexity effect due to entropy is the mechanism that leads to technology transitional dynamics in this model. In fact, also in growth rates of per capita output, the model with a constant complexity effect of one would fail to replicate the evolution after the industrial revolution, yielding economic growth rates almost constant throughout this 200 year period of history.
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In the second exercise with full scale effects ( Figure 9b ) the growth of TFP is always much higher than the data show, and instead of slowing down after 1980, it increases a great deal. In 2000 the growth rate of TFP would be implausibly high (near an annualized rate of 3.69%, while in data it is close to an annualized rate of 1%).
27 Additionally, by assumption, we are imposing a complexity effect of zero, which is counterfactual in face of the evidence we showed in Section 3.
In the next subsection we introduce a modification in the knowledge production function such that it may benefit from knowledge diffusion across borders (as e.g., in Bottazzi and Peri, 2007 and Ang and Madsen, 2015) . Our aim is to test the robustness of our results to this change in the setup, as the use of foreign ideas could diminish the importance of the complexity effect and eventually overcome it.
International knowledge diffusion
In this subsection we change the knowledge production function to the more general specification where, in addition to the specification in equation (5), we include domestic knowledge spillovers controlled by φ(≤ 1) and international knowledge, A w t , following Bottazzi and Peri (2007) and Ang and Madsen (2015) . This last term represents an exogenous and foreign stock of ideas influencing the production of domestic new technologies.
28 The degree of international spillovers is controlled by μ(≥ 0). In order to measure A w t we use the stock of patents issued to non-residents in the United States (registered in the United States patent office). First we set A w 0 equal to the data ratio between patents issued to non-residents in the United States and patents issued to residents in the United States in 1860 (the first observation in the simulations), which was 1.0079%. Then, we calculate the growth rate of A w t as the growth rate of the stock of patents issued to non-residents in the United States in the country patent office. We use the resulting exogenous series as an input to the simulation. We set φ = 0.985 and μ = 0.035, resulting from the estimates in Ang and Madsen (2015, Table 1 , column 4).
29 Moreover, the coefficient for international spillovers is the resulting sum of all the coefficients pertaining to external influences (international issued patents, foreign direct investment and imports). 30 Figure 10 shows the results.
In Figure 10 we can observe that this extension shows the robustness of our main results to a more complete knowledge production function, which also includes international knowledge spillovers. In fact, the simulation mimics quite well the final growth rates (both for GDP per capita and TFP) in 2000 and plots a slight recovery between 1980 and 2000. It decreases the fit to the data on output growth rates in the period between 1960 and 1980, as it now predicts a slight slowdown. This is due to the decrease in the patenting activity of the foreigners in the United States in these decades. Finally it also mimics quite well the evolution of the complexity effect. Thus, we conclude that the modification of the model to account for foreign knowledge diffusion does not diminish the accuracy of the model in replicating the complexity effect or the growth rates and approximates the evolution of GDP per capita. In this case the model evolution of GDP per capita is between the United Kingdom data in Clark (2009) and the averaged data for the developed countries.
Overall we show that our model with a state-dependent, time-varying complexity effect 28 This extension encompasses a k.p.f. with decreasing returns to the stock of knowledge due to two components: φ < 1 (as in Jones, 1995) and the complexity effect introduced in this paper, χ(A). The derivation of the model with this change in the k.p.f. is presented in the Appendix. 29 We use the estimates that did not include human capital in the regressions as our model also does not include human capital.
30 The coefficient on international issued patents is negative in Ang and Madsen (2015) . Then, as our model does not incorporate other international influences than international issued patents, A w t , it seems appropriate to attribute to that model term all the coefficient values pertaining to international influences. In fact, when ignoring foreign direct investment and trade, as Botazzi and Perli (2007) due to entropy can mimic the main patterns of the data as regards the evolution of the growth rate and level of GDP per capita and can also account for the productivity slowdown. Additionally, it is also consistent with a complexity effect that approaches one as the economy gets to 2000. These main results are maintained when international spillovers are considered in the knowledge production function. It is also worth noting that the parameterization of the complexity function determines the strength of the productivity slowdown at the end of the XX th century. In particular, variations in the parameterization of the complexity function based on empirical estimations show the fit of the model to the TFP growth, highlighting the productivity slowdown of the late XX th century and without compromising the fit of the model to the other variables. 
Futuristic Scenarios
Gordon (2012) conjectures that the world economy will face a secular slowdown in the XXI th century using what he called to be a "provocative exercise in subtraction". In this Section, 31 In an earlier working-paper version of this article (available at http://wps.fep.up.pt/wps/wp575.pdf), we devise an extension to our model with a time-varying state-dependent knowledge spillover in the knowledge production function, modelled as a "network/globalization effect" as a function of the aggregate stock of capital -see Strulik (2014) for detailed foundations for such a specification. This version of the model sets side-by-side a complexity-effect index (the exponent χ(A) of 1/Lt, as in eqs. (5) and (22)), which increases over time due to an increasing A, and a globalization-effect index (appearing as an exponent of At), which increases over time due to an increasing k. This specification is consistent with the empirical time series retrieved from an accounting exercise as the one carried out in Section 3, which show increasing empirical measures of both exponents over time. An alternative specification considering say (1 − χ(A)) as an exponent of At (alongside χ(A) as an exponent of 1/Lt) is not consistent with the empirical time series because the accounting exercise again shows an increasing empirical measure of the exponent of At, which in this case implies a decreasing (empirical) complexity index, whereas the (theoretical) complexity function χ(A) increases with an increasing A. This suggests that a theory of complexity/entropy is adequate to model the exponent of 1/Lt, while a theory of network/globalization effects seems adequate to model the exponent of A t. We obtain a globalization-effect index that is close but smaller than unity for most of the period corresponding to the XX th century, while the complexity function continues to feature an estimated q > 1, as obtained in the baseline model.
we extend the previous scenarios to the future and, interestingly, we conclude that the model predicts a significant slowdown of the economy (in per capita output) after 2000. We do insample calibration in our theory and extend the series without any other assumption on the dynamics of the model. According to demographic projections, population growth rates will tend to stagnate as fertility rates decrease and tend to stabilize at around 2.1 children per woman. We use Maddison's (2008) projections for population until 2030 (for the observation for 2020s generation), using population for the same countries as before and then steadily decrease population growth by 0.01 percentage points in each 20-year period until it reaches zero in 2820. The results presented below emphasize the time path of the growth rates of the main variables and of the level variables linked with the knowledge sector. Figure 11 shows the results for the first parameterization of the complexity function (q = 2.47 and b = 1.4, thus lim A→+∞ χ(A) = 0.952 < 1). This first scenario, corresponding to our first parameterization that replicates well the evolution of growth rates until the 1960s (date after which the model underestimates the growth rates acceleration shown by the data), predicts that, after a slowdown corresponding to the period of the II World War, growth would continue to accelerate until 2020, after which it decreases nearly 2.2 percentage points (p.p.) in 20 years, then slightly increases and eventually stabilizes around 2700 (not shown in the figure) . This dynamics is due to physical capital and to R&D. The neoclassical effect determines the drop in growth rates in the 1940s, since the physical capital growth rate drops 8 p.p. between 1940 and 1960. Then its growth rate steadily increases by near 17 p.p. until 2020. After the 2020s, the model predicts a decrease in the physical capital growth rates evaluated in 10 p.p. The model estimates that after the 1920s the long-run behavior of R&D changed dramatically and research increases at a much lower rate than before, but grows steadily until the end of the millennium. The steady state will occur then with an allocation of labor to R&D that remains constant after near the 2700s.
Our second scenario extends our second exercise in Section 5.1, which uses q = 1.17 and b = 0.23 estimates, yielding lim A→+∞ χ(A) = 1.3529 > 1 (Figure 12 ). In this case, the output growth rate slightly diminishes between 1980 and 2000, which is also confirmed by the data (near 1.5 p.p. in 20 years). This fall continues and doubles (to 3 p.p.) between 2000 and 2020. This growth rate will then decrease steadily and stagnation will eventually set in on the eve of 2500 A.D. After the recovery of the physical capital growth rate happened after the 1960s, it begins the downward trend after 2020. Moreover, the TFP slowdown intensified after the 1960s will continue until complete stagnation occurs near 2450. This effect is reinforced by the fact that the employment in R&D reaches the maximum in 2000 and decreases afterwards. As the model predicts, with increasing population and χ(A) higher than 1, stagnation may occur in finite time, which in fact occurs in this scenario.
It is also interesting to discuss what would happen in the future if the economy benefits from international knowledge (as in the exercises of Section 5.1.2). When χ(A) tends to 1.3529, as in the last case, the economy may not stagnate due to international knowledge spillovers. After a period of decreasing economic growth that occurs roughly between 1980 (highly intensified after 2020) and 2480, the economy slowly recovers, but never returns to the 2000s growth rates as they reach near 30% (generation growth rate corresponding to an annual average growth rate of 1.3%) in the long-run, 21 percentage points below the 2000s level (corresponding to less 0.8 percentage points when the growth rate is to be taken annually). The rates at which the economy will grow in the very long run depend crucially on the growth rates of foreign knowledge (that may also tend to decrease according to χ(A w )). With our third set of parameters under which the limit for the complexity effect is 1 (lim A→+∞ χ(A) = 1), the model closely estimates the "roaring twenties", the deceleration due to the World War II and the post-war acceleration, essentially due to the neoclassical mechanism (recall Figure 7) , as also happened in the previous scenario. After growth of per capita output almost stagnates between 1980 and 2000, it presents very small differential annual growth rates between 2000 and 2020 (near 0.1 percentage points in the annual growth rate differences). In the following 200 years, output growth rates decrease by 0.39 percentage points annually, after which they stabilize. Figure 13 presents this scenario.
Finally, we describe the futuristic scenario corresponding to the case in which the complexity effect χ(A) tends to infinity (corresponding to the exercise depicted in Figure 8 ).
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The extension of this scenario to the future predicts that growth of physical capital will continue until the 1980s generation, although the productivity slowdown, beginning at the 1940s, intensifies after the 1960s and continues until 2120, year around which TFP growth will eventually go to zero. The output growth rate will decrease nearly 15 percentage points per generation (in an average of 0.7 percentage points per year) until 2120, when it eventually oscillates around zero and would stagnate around 2800. In this scenario growth would stagnate due to increasing complexity even if population exhibited no growth. This means of the world stock of patents decreases by 0.05 percentage points. Naturally, the highest this rate of decay, the less probable and intense will be the recovery of domestic growth rates.
33 The corresponding figure is available upon request. that, in the long run, output per capita, physical capital and technological knowledge will stabilize at a given level.
Note that the scenarios in Figures 12 and 13 are the ones that best replicate the known economic history (recall Figures 6 and 7) . In one of these scenarios, endogenous (positive) growth (with null scale effects) will eventually prevail - Figure 13 -, but in the other - Figure  12 -, in the long-run equilibrium, the economy will eventually stagnate in finite time as the increasing population induces an increase in complexity (although the population growth rate is, by that time, assumed to be quite small and converging to zero in the long-run, according to the demographic projections that back out our simulation) -recall Lemma 3 and the discussion in the end of Section 4. 
Discussion
Overall these futuristic scenarios teach us that doing in-sample calibration such that the model replicates well the historical data, then, between 2000 and 2020, the world should experience a slowdown of growth rates which can be more or less pronounced depending on the parameterization of the complexity 'operator' based on entropy. Interestingly, in two out of the three combinations of estimated parameters for complexity, the economy will suffer significant (and long-lasting) slowdowns beginning on the eve of the XXI th century.
If the estimation-based scenario where the complexity index overpasses unity would verify, stagnation could occur within the first half of the millennium. Although the slowdown of the 2000s (the great recession) has been attributed mainly to financial frictions and inefficiencies (which our stylized model does not incorporate), some authors began to question the sole financial roots of the crisis. For instance, in Kasparov et al. (2012) , the authors point out that the collapse of advanced country growth is not merely a result of the financial crisis. They argue that these countries weakness reflects secular stagnation in technology and innovation. Fernald (2014) presents evidence according to which labor and total factor productivity (TFP) growth slowed prior to the great recession. He argues that it marked a retreat from the exceptional, but temporary, information technology-fueled pace from the mid-1990s to early in the twenty-first century. Gordon (2012) also argues that the slowdown happening after the 2000's roots at the features of the innovations (computers, the web, mobile phones) of the late XX th century, which spillovers were less long-lasting than the ones of the innovations of the second industrial revolution and anticipates scenarios of long anemic economic growth or even stagnation (see also Bloom et al, 2017) . More recently, Brinca et al. (2016) pointed to the efficiency wedge (measured by A in the final good production function) as the main source of the great recession at the end of the 2000s decade. In our paper, we show this sort of effects arise as knowledge accumulation complexity effects related to the increasing market dimension -and, thus, with a permanent TFP slowdown or even stagnation in the long run being compatible with constant returns of the stock of knowledge in the generation of new ideas. As a variation on the topic, Komlos (2014) argues that, bearing in mind Schumpeter's concept of creative destruction as the engine of development, and in comparison with the first and second industrial revolutions, the destructive (or obsolescence) component of innovations has recently increased relative to the size of the creative component, as the new technologies are often creating products which are close substitutes for the ones they replace. This conjecture could be accommodated, in the context of a growth model of expanding varieties and innovation clusters (e.g., Jones and Williams, 2000) , by a time-varying statedependent rate of obsolescence induced by the introduction of new varieties (replacement by upgrades within an innovation cluster), with that rate increasing in the stock of varieties.
Analytically, this mechanism would be isomorphic to the long-run effect of the complexity mechanism in our model.
34
To sum up, by using entropy as a "first principle" operator of the complexity effect, which is flexible enough to account for null or some (positive or negative) scale effects in the long run, and an empirically validated calibration, our model is able to predict distinct future scenarios: (i) if the complexity index converges to a value below or equal to unity, there will be positive economic growth in the long run despite (eventual) population stagnation; (ii) if the complexity index converges to a value above unity, economic stagnation will occur due to population growth (although the latter will eventually stagnate in the long run).
Conclusions
We study the asymptotic properties of the knowledge production function as they are crucial to define endogenous growth. Our argument is based on a "first principles" approach to model an 'operator' for the complexity effect in the knowledge production function that ultimately eliminates scale effects. In fact, we take advantage of the proximity between the 34 In particular, in this creative-destruction framework, index χ(A) could be regarded as proportional to the propensity of the economy to adopt new technologies (new varieties of goods) and, thereby, accelerate the destruction component of the innovation process. An index above unity might then correspond to the case where the destruction component dominates the creative one. In turn, parameter q in function χ(A) might be regarded as the 'relative risk aversion' parameter that controls for the propensity to adopt, with a lower q implying a higher χ(A) -see equation (3). entropy concept and the difficulty or complexity associated with the quantity of knowledge in Economics to build our 'operator' as a complexity index. This allows us to summarize the relevant economics pertaining to this issue with a minimum loss of information. The use of entropy as an 'operator' to define complexity in the endogenous growth literature provides an endogenous growth model with transitional dynamics in R&D and with scale effects that diminish towards the steady state.
Using available data and different time spans, we were able to take this theoretical 'operator' to the data and estimate its parameters. Given the estimated parameters, we illustrate that the complexity 'operator' approaches well the data series for the complexity effect.
Additionally, the model can generate endogenous growth, with or without scale effects or stagnation. Scale effects decrease over time and may disappear or even become negative. Moreover, the state dependent time-varying complexity effect governed by entropy is essential to create transitional dynamics in TFP growth and an historically consistent evolution of the per capita output growth rates and levels. The model features a "stagnation" and a "growth" regimes and shifts may occur between them. Interestingly, population growth implies that the economy may shift from the "stagnation" to the "growth" regime, illustrating historical episodes of industrialization. However, the economy can also get trapped in a set of "stagnation" equilibria. Finally, with some parameterizations of the time-varying statedependent complexity effect, the economy may fall from the "growth" into the "stagnation" regime, which can happen even for a constant population.
We take the model to the data and show that the transitional dynamics it presents can match well the historical evolution of the developed world after the Industrial Revolution. Several parameter sets allow the model to replicate an almost ever increasing growth rate from the eve of the Industrial Revolution, with decelerations of growth during the World War II and accelerations during the "roaring twenties" or during the recovery from the war period during the 1960s. Finally, the model is also capable of predicting the productivity slowdown after the 1960s.
Whatever the scenario in the future, the state-dependent time-varying complexity effect seems to contribute to the explanation of the growth slowdown that seems to characterize the current 2000-2020 generation, and can lead the economy to endogenous growth (with some or without scale effects) or to stagnation in the very long-run. The long-run outcome crucially depends on the asymptotic properties of the knowledge production function, and thus of the complexity effect governed by entropy.
Note that the model has policy implications regarding the effects of subsidization to R&D. In particular R&D subsidies can be a trigger to drive the economy from the "stagnation" to the "growth" regime and can also interact with the population dynamics and with complexity effects and influence the timing of possible future stagnation. Overall, our model produces novel insights regarding the role of complexity in both the transitional and the long-run dynamics of the economy. First, our model generates a nonmonotonic U-inverted transition of the TFP growth rate commanded by the complexity index dynamics irrespective of the dynamics of the physical inputs. Second, the estimation of the complexity (entropy) index based on historical data suggests an eventual stabilisation of complexity as time goes by (which is shown to be related to the notion of entropy and of subextensive system). This speaks to the fact that, in practice, new ideas and new varieties of technological goods seem to have a heterogeneous impact on complexity, with some increasing it and others decreasing it. Finally, the model shows that it is not a necessary condition to have ever-increasing complexity as the stock of knowledge and of varieties of technological goods increase in order to generate permanent lower growth of TFP or even stagnation as a long-run equilibrium. Instead, the key feature is the level at which complexity stabilizes and thereby to what extent it curtails scale effects on growth.
APPENDIX A Model with international knowledge diffusion
Using (18), (20) and the associated free-entry condition w t L χ(A t ) t δA φ t (A w t ) μ = π t , and following the steps as in Section 4 (using again equation (17) Inserting (14) into (16), then replacing w t with expression (17) and finally using (21) and (18), we obtain the difference equation for physical capital as follows: .
B Higher returns to knowledge
In this Appendix, we also test the differences of the results to the consideration of an alternative higher value of σ = 0.64, a value also considered in Jones and Williams (2000) . Figure  14 shows the adjustment between empirical series for χ and (GMM) estimated theoretical series for χ(A) for this higher value for the returns to knowledge. In Figure 15 there is a slowdown in TFP growth rate in the late XX th century (although its growth is higher than the one the data series show). Overall, the model TFP growth, GDP per capita growth and GDP per capita levels overpredict the data series in most of the period. This is consistent with the fact that this value of the returns of specialization is quite high when compared to the average of the available empirical estimates (see e.g. Hall 
